We prove that the Grand Lebesgue Space, builded on a unimodular locally compact topological group, forms a Banach algebra relative to the convolution.
f * g r ≤ f p g q , 1 ≤ p, q, r ≤ ∞, (1.1) where 1 + 1 r = 1 p + 1 q, (
2) see e.g. [20] , [39] , [2] and [1] , [3] , [15] for the computation of the best possible constant in (1.1).
Generalized convolution inequalities and applications have been obtained in [26] and fractional convolutions in [27] . Choosing r = p, q = 1 in (1.1), we deduce
If in addition the group G is also compact, one can suppose µ(G) = 1 so that
The last inequality shows that the space Lp(G, µ), relative to the convolution bilinear operator, forms in this case a Banach algebra, see [39] .
Our aim is to extend inequality (1.4) to the so-called Grand Lebesgue Spaces, improving some results recently obtained in [19] ; see also [17] , [18] .
In more details, we will find a sufficient condition on the generating function of these spaces under which they form also a Banach algebra, relative to the convolution.
Brief note about Grand Lebesgue Spaces.
We recall here, for reader convenience, some known definitions and facts about the theory of the Grand Lebesgue Spaces which we will use. We consider only the case of the space on the set G equipped with the Haar measure µ.
, be a numerical valued non-negative function, not necessarily finite in every point, such that inf p∈ [1,b) ψ(p) > 0 (1.5) and
The set of all such functions will be denoted by
We will assume, without loss of generality, ψ(1) = 1 for all such functions ψ(⋅).
For instance, the following functions
satisfy (1.5) and (1.6), with ψ(1) = 1.
consists of all the real (or complex) numerical valued measurable functions f ∶ G → R having finite norm, defined by
The function ψ = ψ(p) = ψ[b](p) is named as the generating function for this space.
If for instance
where r ∈ [1, ∞), C ∞ ∶= 0, C ∈ R, (extremal case), then the corresponding Gψ Note that the space L b),θ introduced in [16] (see [23] for θ = 1), through the norm
quite coincides, up to equivalence of the norms, with the appropriate one Gψ (b;β) , with β = θ b.
Let f ∶ G → R be a measurable function and b ∈ (1, ∞] such that
Obviously,
The Grand Lebesgue Spaces have been widely investigated, e.g. [8] , [5] , [4] , [14] , [24] , [28] , [30] , [33] - [37] , [25] , [31] , etc. They play an important role in the theory of Partial Differential Equations (PDEs) (see e.g. [12] , [13] , [16] , [10] ), in interpolation theory (see e.g. [11] , [9] ), in the theory of Probability ( [7] , [29] , [35] [36] [37] ), in Statistics and in the theory of random fields (see e.g. [28] , [33, chapter 5] ), in Functional Analysis and so on.
These spaces are rearrangement invariant (r.i.) Banach functional spaces; its fundamental function has been studied in [36] . They not coincides, in the general case, with the classical rearrangement invariant spaces: Orlicz, Lorentz, Marcinkiewicz, etc., see [30] , [34] .
Main result.
Theorem 2.1. Let G be a unimodular locally compact topological group equipped with biinvariant Haar measure µ and let Gψ be the (Banach) Grand Lebesgue space builded on G. If ψ(1) = 1, then Gψ is also a Banach algebra under the convolution as a multiplicative operation, that is
Proof. Let f, g be two non-zero functions from the space Gψ; we assume, without loss of generality, that
From the definition of the norm in the Grand Lebesgue Spaces it follows immediately that
We apply once again the Young inequality (1.3)
and, taking the supremum over p ∈ [1, b), we have
In the next section we will see that equality in (2.1) can be achieved.
An example.
Let now G = R with the classical Lebesgue measure dµ = dx and the ordinary convolution
for all measurable integrable functions f, g defined on R.
Define the Gaussian density
then its natural function ψ (z,σ) (p) has the form
One can define formally the value ψ
Notice that ψσ(1) = 1. By virtue of Theorem 2.1 we conclude that the Grand Lebesgue Space Gψ (zσ ) (p), builded over the ordinary real line R, relative to the convolution operation, forms also a Banach algebra, despite the (commutative) group (R, +) is not compact.
Moreover, let us choose f (x) = g(x) = z 1 (x), then
and
Thus, in this case, we have
Note that the case G = R d may be investigated analogously.
Concluding remarks.
A. Let E be an arbitrary translation invariant Banach functional space with norm ⋅ E builded over G and such that ∀g ∈ L 1 ⇒ g 1 ≤ g E . We have, using the triangle inequality,
Therefore, E is again a Banach algebra. Actually, one can use the so-called scaling method, see e.g. [38] . Assume that (4.1) is satisfied. Define for any positive constant λ > 0 the dilation operator
We deduce from (4.1)
and, after simple calculations,
Since λ is a arbitrary positive value, we conclude −d − d r = −d p − d q, which is quite equally to (1.2).
C. As long as the Grand Lebesgue Space Gψ 1 forms a Banach algebra, it is interesting, by our opinion, to consider its ideals, maximal or not. We apply here well-known classical results from [6] , [22] , [21] , [32] .
Define as usually for this purpose the Fourier transform for every function from this spacê
where (ξ, x) denotes the inner (scalar) product and x ∶= (x, x).
, the integral in (4.3) converges uniformly and it represents a uniformly continuous bounded function on the whole space R
Here
is the function defined by (3.3), with σ = 1. For this purpose one can replace ψ 1 (⋅) with many other such functions, for instance, with the more general ψσ(⋅), σ ∈ (0, ∞).
Recall that if h(x) = (f * g)(x), then
Let η be an arbitrary fixed point of the space R d ; define the set
It follows immediately from the relation (4.4) that the set J(η) forms a well-known classical (maximal) ideal in the Banach algebra Gψ 1 .
Denote by
This set forms also an ideal in this algebra. Namely, define the usual modulus of continuity for a function f ∈ U C(R
is bounded and uniformly continuous, in fact if
D. Let us show now that the condition (1.6) is, in the general case, essential. Namely, suppose temporarily that ψ(1) = 0, then ∀f ∈ Gψ ⇒ f 1 = 0 and, consequently, f = 0, i.e. Gψ = { 0 }.
Furthermore, let us consider the following counterexample. Choose G = R with the usual convolution. Define the function
where I(A) denotes the indicator function of the predicate A. We deduce, after simple calculations,
Evidently,
as long as the functionψ(p) is the natural function for f . Let us now evaluate the convolution
as x → ∞; of course, h(x) = 0, x < 1. For x ≥ 3 we have, as x → ∞,
where B(⋅, ⋅) denotes the ordinary Beta-function and
More precisely note that, as x ≥ 3,
It remains to note that the function h(⋅) does not belongs to the Grand Lebesgue Space Gψ. In fact, 2πiξ .
An open and interesting problem, by our opinion, is to find the necessary conditions imposed on the generating function ψ(⋅) under which Gψ = Gψ G forms a Banach algebra and to find, in this case, all its maximal ideals.
